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• Analysis of a nonlinear dynamical system describing cancerous-healthy cell competition

• Examination of how ionizing radiation acts on the cell competition dynamics

• Key role of the irradiation protocol and its precise dosing time in the cell dynamics

• Possible irradiation time reduction and the total dose delivered in radiotherapy

• Numerical results support the chronobiology role in radiotherapy and its effectiveness
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A B S T R A C T

We present a simple nonlinear model describing the population dynamics of cancerous, healthy,
and effector cells submitted to ionizing radiation. We examine the situations in which intermit-
tently high doses of radiation affect the cells as it occurs in radiotherapy. The model explores
various irradiation parameters, such as the total delivered dose for a given standard dose rate and
the number of treatment sessions seeking situations that optimize normal cells survival. In other
words, we are interested in enhancing the effectiveness of a radiotherapy treatment by adjusting
the temporal pattern of the dose deliverance through an exhaustive dynamical characterization
of the system. This includes the study of the parameter planes, the populations’ dynamical be-
havior going from fixed points to chaotic oscillations, and the basins of attraction. This work
leads to counter-intuitive predictions and constitutes a step towards a model of chronomodulated
radiotherapy.

1. Introduction

Cancer is one of the most common and lethal pathologies in humans and constitutes a significant health prob-

lem. According to the World Health Organization (WHO), in 2020, the last year of available data, around 1.93 × 107

new cases were registered, having an estimated mortality of almost 1 × 107, constituting approximately 1∕6 of total

human deaths in the world [1]. Among the treatments used to fight cancer, there are those based on purely medical

(surgery [2]), physical (radiotherapy [3, 4, 5, 6, 7]), chemical (chemotherapy [8, 9, 10, 11]), biological (immunother-

apy [12, 13], targeted gene therapy [14], oncolytic [15] and hormonal) aspects, and combinations of the above men-

tioned. Cancer has acquired singular importance in recent decades due to its impact on society and the efforts dedicated

to combating it. One way to understand the processes underlying the development of tumors is through experiments

and models that can explain the experimental results and make predictions of various situations that are not easily

accessible to measurements. Thus, different scientific groups have begun to formulate models of tumor growth or

proliferation of cancerous cells [16, 17, 18, 19, 20]. In addition, the population dynamics of cancer cells consider

their interaction with other cell types or/and different external agents acting on tumors. Most models display typical

nonlinear behaviors such as chaos and multistability [21, 22]. The occurrence of multistability in several contexts has
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been extensively reviewed in [23], including those concerned with cancer attractors [24, 25].

Several models have been proposed to study different situations linked to tumors (macroscopic approach) and can-

cer cells (microscopic vision). A paradigmatic model used in cancer cells’ population dynamics considers immuno-

genic tumors and the calculation of local and global bifurcations as a function of relevant biological parameters [26].

Along the same lines, another famous model proposed by Kirschner & Panetta [27] consists of a system of three or-

dinary differential equations (ODEs) related to the population of immune cells, tumor cells, and the concentration of

interleukin-2 cytokine (IL-2), a compound that activates the immune system to fight tumors. Finally, it is noteworthy

to mention similar models based on adaptive cellular immunotherapy (ACI) with similar characteristics. In particular,

Nani & Freedman [28] have proposed an extension of the previous models, having as main variables the normal and

cancerous cell concentrations in the physiological space, as well as the concentrations of lymphokine (e.g., IL-2) and

anticancer lymphocytes (such as lymphokine-activated killer cells) in the vicinity of normal and cancerous cells.

The importance of radiotherapy in the treatment, control, and as a palliative of cancer disease is essential [6],

and there are efforts to expand global access to this type of treatment. Approximately 50% of patients must follow

radiotherapy to treat cancer. Concerning the models involving radiotherapy, they often describe the competition be-

tween healthy and cancerous cells by the Lotka-Volterra equations. The exposure of the cancerous cells to radiation

is done following four modes: constant, linear, feedback, and periodic. It is also possible to take into account the

action of radiation on healthy cells [29] and to describe the spatio-temporal evolution of cells as 2-D [30, 31] or 3-D

nonlinear dynamical systems [32]. Another approach is given by multiscale models for cancer to improve radio-

therapies [33]. In addition, some other tumor growth models have been considered, such as the Gompertz and the

so-called "universal" exponential one [18]. There are also models combining two kinds of treatments, for instance, the

simultaneous consideration of chemotherapy and radiotherapy in which the exhaustive analysis of the model equations

confirms that treatments might actively modify the cancer dynamics [34]; and the combination of immunotherapy and

radiotherapy [35].

Nowadays, chronobiology is a thriving research field with the remarkable quality of spanning almost every

biomedical discipline from molecular biology and metabolism to psychology and internal medicine [36] and also

including the use of mathematical models to elucidate the molecular bases of the involved rhythms and of their inter-

play with the other processes they interfere with [37]. This theoretical approach, closely based on experimental data,

contributes to a thorough and deep understanding of the oscillatory phenomenon. Moreover, theoretical models lead

to predictions that can, in turn, be tested experimentally. For chemotherapy, it has been demonstrated that adjusting

the drug-delivery time in treatment increases both their efficacy and tolerability [38]. The prediction of the optimal

temporal pattern of administration of anticancer drugs has often been accompanied by mathematical modeling, that

has acquired importance in recent years [39, 40, 41, 42, 43]. These studies pertain to a temporal adjustment of the
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treatment depending on the circadian clock of the patients. In the present study, we analyzed by intensive computation

a nonlinear dynamical system that describes the competition between healthy and cancerous cells in addition to ex-

tending the concept of temporal modulation of cancer treatment to the pulsatile pattern of radiotherapy, independently

of the circadian rhythm.

With the above explanations related to the main concepts used in this work, we introduce the model and its details

in Sect 2. Next, the methods and results are outlined in Sect. 3, where we also discuss the main findings of the work.

Finally, in Sect. 4 we present main comments and conclusions and provide perspectives for further developments.

2. Model

As stated in Sect. 1, several models describe the cell population dynamics related to cancer. Regardless of the type

of treatment, the cancer models used to consider Gompertzian [16] or logistic growth, being the most common [29,

31, 32, 34, 38, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58]. Among the models on radiotherapy, we focus

on those based on the action of the radiation on the cells as for instance [18, 30, 31, 32, 34, 56, 58, 59, 60]. Concretely,

we use a model similar to that introduced in [46] but with radiation terms both for the cancerous and normal cells.

The model scheme is shown in Fig. 1.

On the other hand, the radiation term must have the pulsatile feature because a typical radiotherapy treatment con-

sists of several sessions with a much shorter duration than the whole treatment duration. Thus, the model describing

the population density rate change of cancerous (𝐶), normal or host (𝑁), and immune effector (𝐼) cells is given by:

d𝐶
d𝑡

= 𝜇𝐶 (1 − 𝐶) − 𝑎𝐶𝑁 − 𝑏𝐶𝐼 − 𝐶
𝑛
∑

𝑗=1
𝑟𝑗Δ𝜏𝑗 , (1)

d𝑁
d𝑡

= 𝜈𝑁 (1 −𝑁) − 𝑑𝐶𝑁 − 𝑝𝑁
𝑛
∑

𝑗=1
𝑟𝑗Δ𝜏𝑗 , (2)

d𝐼
d𝑡

= 𝜀𝐶𝐼
𝐶 + 𝑓

− 𝑔𝐶𝐼 − ℎ𝐼 , (3)

where the parameters 𝜇, 𝜈 and 𝜀 are related to the growth rate of 𝐶 , 𝑁 and 𝐼 respectively. This growth rate is

logistic for 𝐶 and 𝑁 and follows a Monod kinetics involving a constant 𝑓 triggered by the presence of 𝐶 for 𝐼 .

The competition parameters involving a reduction of 𝐶 by 𝑁 and 𝐼 are 𝑎 and 𝑏, respectively. Cancerous cells kill

the normal and effector cells at rates given by 𝑑 and 𝑔, respectively. The mortality of 𝐼 is characterized by ℎ.

The meaning and further explanations of the parameters were widely described in [46, 49, 52]. Finally, the terms

related to the pulsed action of ionizing radiation constitute a generalization of those introduced in [18, 30, 60], being

Δ𝜏𝑗 = 𝛿(𝑡 − 𝜏𝑗), where 𝛿 stands for the Dirac function, indicating 𝜏𝑗 the time in which sessions occur, i.e., when the

pulsed radiation is applied, and 𝑛 is the number of irradiation sessions. As stated above, the irradiation time is quite

Ramírez-Ávila, Kurths, Gonze & Dupont: Preprint submitted to Elsevier Page 3 of 18



Exploring chronomodulated radiotherapy strategies in a chaotic population model

Figure 1: Model scheme. The direction of the arrows shows the action of one population on another. Next to the
arrows, the consequent effect is described (the corresponding term in the set of equations), manifested by a population
decrease in the affected cells, except when cancerous cells activate the presence of effector cells. Furthermore,
ionizing radiation induces cell death, although it also affects the dynamics of cellular competition. Finally, the self-loops
account for the population growth of each cell type.

short compared to the whole treatment duration, constituting the reason the irradiation term might be expressed using

a Dirac 𝛿 function. The term 𝑟𝑗 is related to (i) the total absorbed dose to be delivered during the whole treatment (𝐷𝑇 )

in Gy (in radiation therapy, a typical value is of the order of 60 Gy [61]); (ii) the radiation beam absorbed dose rate

in each session (𝐷̇𝑗), expressed in Gy/min (depending on the radiation sources, these values vary from 2-10 Gy/min

[62, 63], we chose here 3 Gy/min); (iii) the duration of a session (Δ𝑡𝑗 = 𝐷𝑇 ∕𝑛𝐷̇𝑗) in minutes; and (iv) the time

interval between two consecutive sessions (Δ𝑇𝑗 = 𝜏𝑗 − 𝜏𝑗−1) in hours. Then, with the parameters mentioned above

and a unitary dimensional factor 𝜅 in 1/[Gy-hr], which allows for estimating the effective action time in hours of the

radiation on the cells. Thus, the radiation term 𝑟𝑗 is determined by:

𝑟𝑗 = 𝜅𝐷̇𝑗
𝐷𝑇

𝑛𝐷̇𝑗
= 𝜅𝐷̇𝑗Δ𝑡𝑗 . (4)

Finally, the parameter 𝑝 is related to the radiosensitivity of normal cells, depending on the irradiated organ. It is

noteworthy to point out that this is a general form of the model that might be reduced to a more straightforward form

under the assumption that Δ𝑇1 = Δ𝑇2 = ⋯ = Δ 𝑇𝑛 = Δ𝑇 , which indicates that the time interval between two
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consecutive sessions is constant and also considering the constancy of both the radiation beam absorbed dose rate

and the duration of each session: 𝐷̇1 = ⋯ = 𝐷̇𝑛 = 𝐷̇ and Δ𝑡1 = ⋯ = Δ𝑡𝑛 = Δ𝑡, 𝑟𝑗 = 𝑟 becomes constant too.

Consequently, the irradiation term turns out:

𝑛
∑

𝑗=1
𝑟𝑗𝛿(𝑡 − 𝜏𝑗) =

𝑛−1
∑

𝑗=0
𝑟𝛿(𝑡 − (𝑗𝜏 + 𝑡0)) , (5)

with the occurrence of the first irradiation at time 𝑡0.

The model, the parameter values, and the main features are adapted to the characteristic times in radiotherapy

treatments.

3. Methods and results

Next, we analyze our model and explore the different possibilities driving us to improve the effectiveness of

treatment. We start by choosing 𝑎 and 𝑑 as two relevant parameters for studying the system dynamics. This choice

is made because the variation of the parameters mentioned above quantifies the competition between cancerous and

healthy cells. The remaining parameters are set considering basic biological aspects, such as their positivity, and taking

into account feasible values included in the stability intervals obtained in [59], in addition to a suitable choice of time

scales in accordance with usual radiotherapy treatments. Therefore, considering the aspects above, the following

parameter values are fixed: 𝜇 = 1 hr−1, 𝑏 = 2.5 hr−1, 𝜈 = 0.6 hr−1, 𝜀 = 4.5 hr−1, 𝑓 = 1, 𝑔 = 0.2 hr−1, ℎ = 0.5

hr−1. For simplicity, it is understood that the units of the parameters specified above are not changed; therefore, the

units are not written from now on. Note that 𝜇 > 𝜈 indicates that cancerous cells proliferate more than normal ones.

On the other hand, the parameter related to the radiosensitivity 𝑝 is a probability and, in principle, should be small

(𝑝 < 1) due firstly to the fact that radioresistance is higher in normal cells and also because in an irradiation session,

the protocol indicates that the adjacent regions of the tumor must be protected. Consequently, the absorbed dose of

the areas constituted mainly by normal cells is much less. Therefore, we chose 𝑝 = 0.3 for the reasons mentioned

earlier. Concerning the other irradiation parameters related to the treatment protocol, we take, as indicated before,

𝐷𝑇 = 60 Gy, 𝐷̇ = 3 Gy/min and 𝜅 =1/(Gy-hr). Depending on the protocol, we adopt the values for 𝑛, 𝑡0, 𝜏, and Δ𝑇

permitting us to determine Δ𝑡 and 𝑟. As a result, it is possible to integrate numerically Eqs. (1)–(3). In what follows,

we show that despite the apparent simplicity of the model, it exhibits a huge variety of dynamic solutions depending

on the parameters, initial conditions, and irradiation protocols. This points to the necessity of exploring the conditions

allowing us to the most effective treatment, i.e., a treatment that simultaneously decreases the population of cancerous

cells and maintains that of healthy cells.
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3.1. Parameter planes and basins of attraction

Intending to get an in-depth insight into the system’s dynamical behavior, we scanned the parameter planes by

varying 𝑎 and 𝑑 to characterize the behavior for each combination of parameter values stated above. First, we used the

initial conditions (𝐶(0), 𝑁(0), 𝐼(0)) given by (0.9, 0.09, 0.01) and (0.09, 0.9, 0.01), for which we obtain the parameter

planes of the healthy cells shown in Figs. 2(a)–(b). A comparison of Figs. 2(a)–𝑏)𝑒𝑣𝑖𝑛𝑐𝑒𝑠𝑡ℎ𝑎𝑡𝑡ℎ𝑒𝑟𝑒𝑎𝑟𝑒𝑛𝑜𝑠𝑢𝑏𝑠𝑡𝑎𝑛𝑡𝑖𝑎𝑙𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑠𝑏𝑒𝑡𝑤𝑒𝑒𝑛𝑡ℎ𝑒𝑚.𝑁𝑒𝑣𝑒𝑟𝑡ℎ𝑒𝑙𝑒𝑠𝑠, 𝑎𝑚𝑜𝑟𝑒𝑐𝑎𝑟𝑒𝑓𝑢𝑙𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛𝑎𝑙𝑙𝑜𝑤𝑠𝑢𝑠𝑡𝑜𝑑𝑒𝑡𝑒𝑐𝑡𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑠𝑖𝑛𝑡ℎ𝑒𝑟𝑖𝑔ℎ𝑡𝑢𝑝𝑝𝑒𝑟𝑟𝑒𝑔𝑖𝑜𝑛,𝑤ℎ𝑒𝑟𝑒𝑡ℎ𝑒𝑟𝑒𝑖𝑠𝑎𝑐𝑜𝑒𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒𝑏𝑒𝑡𝑤𝑒𝑒𝑛𝑟𝑒𝑔𝑢𝑙𝑎𝑟(𝑓𝑖𝑥𝑒𝑑𝑝𝑜𝑖𝑛𝑡𝑎𝑛𝑑𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐)𝑎𝑛𝑑𝑐ℎ𝑎𝑜𝑡𝑖𝑐𝑏𝑒ℎ𝑎𝑣𝑖𝑜𝑟; 𝑖𝑛𝑡ℎ𝑖𝑠𝑟𝑒𝑔𝑖𝑜𝑛, 𝑓𝑜𝑟(a,d)=(1.362,3.053), 𝑎𝑓 𝑖𝑥𝑒𝑑𝑝𝑜𝑖𝑛𝑡𝑐𝑜𝑒𝑥𝑖𝑠𝑡𝑤𝑖𝑡ℎ𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐𝑎𝑛𝑑𝑐ℎ𝑎𝑜𝑡𝑖𝑐𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠𝑖𝑓 𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠𝑎𝑟𝑒(𝐶(0), 𝑁(0), 𝐼(0)) = (0.90, 0.09, 0.01)(𝐹 𝑖𝑔. 2(𝑎)), 𝑤ℎ𝑖𝑙𝑒𝑡ℎ𝑒𝑠𝑦𝑠𝑡𝑒𝑚𝑐𝑎𝑛𝑜𝑛𝑙𝑦𝑒𝑣𝑜𝑙𝑣𝑒𝑡𝑜𝑎𝑓𝑖𝑥𝑒𝑑𝑝𝑜𝑖𝑛𝑡𝑓𝑟𝑜𝑚(𝐶(0), 𝑁(0), 𝐼(0)) = (0.09, 0.90, 0.01)(𝐹 𝑖𝑔. 2(𝑏)).𝑇 ℎ𝑖𝑠𝑖𝑠𝑖𝑙𝑙𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑𝑖𝑛 𝐹 𝑖𝑔. 2(𝑐), 𝑤ℎ𝑒𝑟𝑒𝑡ℎ𝑒𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔𝑐ℎ𝑎𝑜𝑡𝑖𝑐𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑎𝑛𝑑𝑓𝑖𝑥𝑒𝑑𝑝𝑜𝑖𝑛𝑡𝑎𝑟𝑒𝑠ℎ𝑜𝑤𝑛𝑖𝑛𝑡ℎ𝑒𝑝ℎ𝑎𝑠𝑒𝑠𝑝𝑎𝑐𝑒.𝐴𝑚𝑜𝑟𝑒𝑑𝑒𝑡𝑎𝑖𝑙𝑒𝑑𝑎𝑛𝑎𝑙𝑦𝑠𝑖𝑠𝑖𝑠𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒𝑢𝑠𝑖𝑛𝑔𝑡ℎ𝑒𝑟𝑒𝑑𝑢𝑐𝑒𝑑𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑝𝑙𝑎𝑛𝑒𝑠𝑠ℎ𝑜𝑤𝑛𝑖𝑛𝐹 𝑖𝑔𝑠. 2(𝑑)𝑎𝑛𝑑(𝑒)𝑓𝑜𝑟𝑐𝑎𝑛𝑐𝑒𝑟𝑜𝑢𝑠𝑎𝑛𝑑ℎ𝑒𝑎𝑙𝑡ℎ𝑦𝑐𝑒𝑙𝑙𝑠, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.𝑇 ℎ𝑒𝑝𝑙𝑎𝑛𝑒𝑠𝑎𝑟𝑒𝑣𝑒𝑟𝑦𝑠𝑖𝑚𝑖𝑙𝑎𝑟,𝑤𝑖𝑡ℎ𝑡𝑖𝑛𝑦𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑠𝑖𝑛𝑠𝑜𝑚𝑒𝑟𝑒𝑔𝑖𝑜𝑛𝑠; 𝑓𝑜𝑟𝑖𝑛𝑠𝑡𝑎𝑛𝑐𝑒,𝑤𝑒𝑚𝑎𝑟𝑘𝑒𝑑𝑠𝑜𝑚𝑒𝑠𝑚𝑎𝑙𝑙𝑟𝑒𝑔𝑖𝑜𝑛𝑠𝑜𝑓𝑝𝑒𝑟𝑖𝑜𝑑−

2𝑎𝑛𝑑4𝑓𝑜𝑟𝑐𝑎𝑛𝑐𝑒𝑟𝑜𝑢𝑠𝑐𝑒𝑙𝑙𝑠, 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔𝑡𝑜𝑝𝑒𝑟𝑖𝑜𝑑−1𝑎𝑛𝑑3𝑓𝑜𝑟ℎ𝑒𝑎𝑙𝑡ℎ𝑦𝑐𝑒𝑙𝑙𝑠.𝑇 ℎ𝑒𝑎𝑏𝑜𝑣𝑒𝑚𝑒𝑛𝑡𝑖𝑜𝑛𝑒𝑑𝑠𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛𝑖𝑠𝑣𝑖𝑠𝑢𝑎𝑙𝑖𝑧𝑒𝑑𝑖𝑛𝐹 𝑖𝑔. 2(𝑓 ), 𝑤ℎ𝑖𝑐ℎ𝑎𝑙𝑠𝑜𝑖𝑙𝑙𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑠𝑡ℎ𝑒𝑐𝑜𝑛𝑐𝑒𝑝𝑡𝑜𝑓𝑡ℎ𝑒𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑛𝑡𝑒𝑟𝑚𝑠𝑜𝑓𝑡ℎ𝑒𝑖𝑠𝑜𝑠𝑝𝑖𝑘𝑒𝑠.𝐼𝑡𝑖𝑠𝑛𝑜𝑡𝑒𝑤𝑜𝑟𝑡ℎ𝑦𝑡ℎ𝑎𝑡𝑡ℎ𝑒𝑐𝑜𝑙𝑜𝑟𝑐𝑜𝑑𝑒𝑖𝑠𝑠ℎ𝑜𝑤𝑛𝑖𝑛𝑡ℎ𝑒𝑙𝑜𝑤𝑒𝑟𝑝𝑎𝑟𝑡𝑜𝑓𝐹 𝑖𝑔. 2(𝑑)−

−(𝑓 )𝑏𝑒𝑐𝑎𝑢𝑠𝑒𝑖𝑡𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑒𝑠𝑎𝑙𝑙𝑡ℎ𝑒𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑎𝑙𝑏𝑒ℎ𝑎𝑣𝑖𝑜𝑟𝑜𝑓𝑡ℎ𝑒𝑠𝑦𝑠𝑡𝑒𝑚, 𝑖𝑛𝑐𝑙𝑢𝑑𝑖𝑛𝑔𝑓𝑖𝑥𝑒𝑑𝑝𝑜𝑖𝑛𝑡, 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐𝑑𝑖𝑠𝑡𝑖𝑛𝑔𝑢𝑖𝑠ℎ𝑎𝑏𝑙𝑒𝑢𝑛𝑡𝑖𝑙𝑝𝑒𝑟𝑖𝑜𝑑−

20𝑎𝑛𝑑𝑐ℎ𝑎𝑜𝑡𝑖𝑐𝑏𝑒ℎ𝑎𝑣𝑖𝑜𝑟𝑠.𝐼𝑛𝑤ℎ𝑎𝑡𝑓𝑜𝑙𝑙𝑜𝑤𝑠,𝑤𝑒𝑤𝑖𝑙𝑙𝑢𝑠𝑒𝑡ℎ𝑖𝑠𝑐𝑜𝑙𝑜𝑟𝑐𝑜𝑑𝑒𝑖𝑛𝑡ℎ𝑒𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑝𝑙𝑎𝑛𝑒𝑠𝑎𝑛𝑑𝑡ℎ𝑒𝑏𝑎𝑠𝑖𝑛𝑠𝑜𝑓𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛.𝐹 𝑜𝑟𝑡ℎ𝑒𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛,𝑤𝑒𝑢𝑠𝑒𝑡ℎ𝑒𝑓𝑜𝑢𝑟𝑡ℎ−

𝑜𝑟𝑑𝑒𝑟𝑅𝑢𝑛𝑔𝑒−𝐾𝑢𝑡𝑡𝑎𝑚𝑒𝑡ℎ𝑜𝑑𝑤𝑖𝑡ℎ4×106 time steps of total integration, a transient of 2×106 time steps, and a step time

size of 0.01 hr−1; the resolution of each panel is 1024×1024 pixels. The detection of maxima and minima is made with

a resolution of 10−6. The bifurcation diagrams for a path among the infinity possible routes on the parameter plane dis-

play the dynamics for cancerous, normal, and effector cells as shown in Fig. 2(g)–(i) respectively. Note that the path,

given by the straight line 𝑑 = 7.28−5.09𝑎 in the parameter plane, starts and finishes in the points (𝑎, 𝑑) = (0.97, 2.34)

(period-1 dynamics) and (𝑎, 𝑑) = (1.08, 1.78) (fixed point) respectively (the diagonal in Figs. 2(d)–(e)), and traversing

regions exhibiting different regular dynamics and also chaos. For cancerous and effector cells, the fixed point is close

to zero and for normal cells, it is practically 1. We considered 8192 values of 𝑎 and 𝑑, and each point corresponds to

a peak or a valley of the time series. When there is a fixed point, the dynamical variable value remains constant.

The features stated above suggest the existence of multistability, i.e., the possibility of several dynamical behaviors

according to the initial conditions [65]. To characterize such initial conditions dependence, we compute the basins of

attraction of the regions observed above in Fig. 2 and some other regions, with emphasis on well-defined areas and

zones where different dynamical behaviors are close to each other. First, we consider three cases corresponding to

the right upper part of Fig. 2(a), namely when the parameter values (𝑎, 𝑑) are respectively (1.383,3.177) (period-2),

(1.383,3.109) (period-4), and (1.383,3.096) (chaos), but in Fig. 2(b) denote a fixed point. The basins of attraction for

the values mentioned above of (𝑎, 𝑑) are shown in Figs.3(a)–(c). The point (𝑎, 𝑑) = (1.103, 2.499) in the parameter

plane corresponds to a point exhibiting a period-8 oscillatory behavior in Fig. 2(a). Thus, we expect again multistabil-

ity that, in this case, displays some patterns in the basin of attraction depicted in Fig. 3(d) with the predominance of

period-8 oscillatory behavior coexisting with chaos. In Fig. 3(e), where (𝑎, 𝑑) = (1.054, 2.308) (period-10) there are

regions with periodicities multiples of five. Finally, when (𝑎, 𝑑) = (1.054, 2.285) (period-9), the basin of attraction is

pervaded by period-9 as it is shown in Fig. 3(f). Notably, in the left part of the basins of attraction, there is a small strip

with fixed point behavior, and in this region, the main issue is the predominance of healthy cells (almost 100%). The

aspect mentioned above opens the possibility to lead the dynamical system towards the fixed point stability region by

means of pulsatile perturbations related to the radiation, consequently eliminating the cancerous cells. The computa-
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Figure 2: Parameter planes varying 𝑎 and 𝑑 for the dynamical system described by Eqs. (1)-(3) without the radi-
ation terms and with the other parameter values given by 𝜇 = 1, 𝑏 = 2.5, 𝜈 = 0.6, 𝜀 = 4.5, 𝑓 = 1, 𝑔 = 0.2,
ℎ = 0.5 (case of healthy cells 𝑁), when using the initial conditions (a) (𝐶(0), 𝑁(0), 𝐼(0)) = (0.90, 0.09, 0.01), and (b)
(𝐶(0), 𝑁(0), 𝐼(0)) = (0.09, 0.90, 0.01). (c) Phase space obtained when (𝑎, 𝑑) = (1.362, 3.053), and the embedded man-
ifolds when the initial conditions are those specified in (a) and (b) leading to a chaotic attractor and to a fixed point,
respectively. Reduced regions of the parameter planes when the initial conditions are (𝐶(0), 𝑁(0), 𝐼(0)) = (0.5, 0.49, 0.01)
for (d) cancerous, and (e) healthy cells. (f) Time series corresponding to cancerous (red) and healthy (green) cells when
(𝑎, 𝑑) = (1.0084, 1.8375) with periods 4 and 3 as indicated in (d) and (e), respectively. Below, the color code is displayed
for characterizing fixed point, chaotic, and different orders of periodicity featured by the number of isospikes in each
period [64]. Bifurcation diagrams for a specific path given by the straight line 𝑑 = 7.28 − 5.09𝑎 (the diagonal going from
(𝑎1, 𝑑1) = (0.97, 2.34) to (𝑎2, 𝑑2) = (1.08, 1.78)) on the parameter planes (d)–(e), for (g) cancerous, (h) healthy, and (i)
effector cells.

tional details for obtaining the basin of attractions are similar to those employed to obtain the parameter planes, except

that for the basins of attraction, we considered 9.8×106 time steps of total integration, and a transient of 4.9×106 time

steps. We considered the initial condition for the effector cells: 𝐼(0) = 0.01 in all cases.

3.2. Radiation effects on regular dynamical behavior

Here we analyze the situation where, according to the parameter plane results, a regular behavior is exhibited

when no radiation is acting. First of all, we observe that there are wide regions where the system reaches a stable fixed

point with predominant normal cells, as shown in Fig. 4(a) with 𝑎 = 𝑑 = 1.1. When we choose 𝑎 = 𝑑 = 0.93 with
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Figure 3: Basins of attraction 𝑁0 vs. 𝐶0 when no radiation is acting on the system and with 𝐼(0) = 0.01 obtained
for different values of (𝑎, 𝑑): (a) (1.383,3.177) (period-2), (b) (1.383,3.109) (period-4), (c) (1.383,3.096) (chaos), (d)
(1.103,2.499) (period-8) for the planes in Fig. 2(a) and (b) respectively. (e) (1.054,2.308) (period-5 and its multiples).
(f) (1.054,2.285) (period-9). Other parameters values are as in Fig. 2.

the initial conditions (𝐶(0), 𝑁(0), 𝐼(0)) = (0.9, 0.09, 0.01), we get a stable limit cycle with one isospike per period

(period-1). The treatment begins after 𝑡0 = 400 hours to ensure convergence to the limit cycle. We observe that

after the irradiation, the system recovers its original dynamics as shown in Figs. 4(b), and (d)–(e). The attractors into

the phase space for perturbed (considering the radiation action) and unperturbed situations are depicted in Fig. 4(c).

Nevertheless, Figs. 4(d)–(e) transiently converges to an apparently stable fixed point in the intervals [880, 1222] and

[640, 2132] hours respectively, but followed by an inversion in the presence of the predominant cells, and eventually,

the system recovers its original dynamics. The attractors related to the perturbed and unperturbed time series of

Fig. 4(e) are represented in Fig. 4(f). We have not found a situation with persistent fixed point stability when varying

the treatment features. It is noticeable that the treatment seems to eliminate the cancerous cells in a transitory way;

however, after a specific time, the original behavior is recovered. The transitory time in which the cancerous cells are

removed depends on how the total dose is delivered; few sessions and consequently higher doses per session enlarge

such time.

When working with a point in the parameter plane corresponding to a stable limit cycle with each period containing

two isospikes (𝑎 = 0.93, 𝑑 = 1.8) and the same treatment protocol as in Figs. 3(b) and (c), we observe similar

features in the dynamical behavior than in the precedent case (see Fig. 5). There are only transitory times when

the cancerous cells are almost eliminated, and such times strongly depend on the irradiation protocol. At this stage,
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Figure 4: Fixed point and period-1 oscillations. (a), (b), (d), (e), time series with initial conditions
(𝐶(0), 𝑁(0), 𝐼(0)) = (0.9, 0.09, 0.01) when (a) 𝑎 = 𝑑 = 1.1 corresponding to a fixed point stability, and (b), (d), (e)
𝑎 = 𝑑 = 0.93 (stable limit cycle with one isospike per period) when the following irradiation protocols are applied:
(b) 𝑡0 = 400 hr, 𝑛 = 30, Δ𝑇 = 24 hr, (d) 𝑡0 = 400 hr, 𝑛 = 10, Δ𝑇 = 48 hr, and (e) 𝑡0 = 400 hr, 𝑛 = 5, Δ𝑇 = 48 hr. The
attractors in panels (c) and (f) correspond to the cases (b) and (e), respectively, with the perturbation effects (black) and
the original nonperturbed limit cycle (orange). Note that in all cases, 𝐷𝑇 = 60 Gy and 𝐷̇ = 3 Gy/min. The parameters
related to the irradiation are 𝑝 = 0.3, and 𝑟 is computed with Eqs. (4)–(5). For clarity, in the time series plot (b), (d), and
(e), we only represent 𝐶 and 𝑁 .

it is important to realize that at the end of the above-mentioned transitory time in which the cancerous cells have

been almost eliminated, there is an abrupt transition consisting of the populations’ inversion, i.e., the cancerous cells

population surges radically, and the healthy cells population slumps dramatically. These facts are related to the

oscillation and amplitude death phenomena [66].

Thus, as in Fig. 4(b) in Figs. 5(a)–(b), it is not possible to attain the stationary situation in which the normal cells

survive, and the cancerous ones tend to disappear. In Figs. 5(d)– (e), we observe the same behavior as in Fig. 4(d)–

(e), i.e., there is a transitory, apparently stable fixed point in which normal cells are predominant occurring in the

time intervals [1062, 1365] hours (Fig. 4(d)) and [840, 2331] hours (Fig. 4(e)). Afterward, the original limit cycle is

recovered.

As another example, we consider a point in the parameter plane corresponding to a period -3 oscillatory behav-

ior with (𝑎, 𝑑) = (1.0, 1.9), the initial conditions (𝐶(0), 𝑁(0), 𝐼(0)) = (0.9, 0.09, 0.01), and the starting time of the

treatment after 600 hours. In Fig. 6(a), we consider similar irradiation conditions as in the precedent cases (𝑛 = 20,

Δ𝑇 = 24 hr, and 𝐷𝑇 = 60 Gy). Surprisingly, we found out that this irradiation protocol permanently eliminates

cancerous cells, indicating that it might be adopted for efficient treatments. However, a slight change in the protocol,

considering 𝜏 = 48 hours, does not lead the system to remove cancerous cells. After the treatment, the system recovers
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Figure 5: Period-2 oscillations. (a), (b), (d), (e), time series with initial conditions (𝐶(0), 𝑁(0), 𝐼(0)) = (0.9, 0.09, 0.01)
when (a) 𝑎 = 0.93 and 𝑑 = 1.8 corresponding to a limit cycle stability, with two isospikes per period when the following
irradiation protocols are applied: (a) 𝑡0 = 600 hr, 𝑛 = 20, Δ𝑇 = 24 hr, (b) 𝑡0 = 600 hr, 𝑛 = 15, Δ𝑇 = 48 hr, (d) 𝑡0 = 600
hr, 𝑛 = 10, Δ𝑇 = 48 hr, and (e) 𝑡0 = 600 hr, 𝑛 = 5, Δ𝑇 = 48 hr. The attractors in panels (c) and (f) correspond to the
cases (b) and (e), respectively, with the perturbation effects (black) and the original nonperturbed limit cycle (orange).
Note that in all cases, 𝐷𝑇 = 60 Gy and 𝐷̇ = 3 Gy/min. The parameters related to the irradiation are 𝑝 = 0.3, and 𝑟 is
computed with Eqs. (4)–(5). For clarity, in the time series panels, we only represent 𝐶 and 𝑁 .

its original period-3 behavior (see Fig. 6(b). The attractor corresponding to the whole time series of Fig. 6(b) (black)

and the nonperturbed limit cycle (orange) are shown in Fig. 6(c). Based on the last results, we realize that it is possible

to reduce significantly the total dose until 𝐷𝑇 = 37 Gy and attain our goal of eliminating the cancerous cells with the

protocol 𝑛 = 15, Δ𝑇 = 24 hr as it is shown in Fig. 6(d). Nevertheless, the same protocol but with 𝐷𝑇 = 36 Gy does

not lead to the removal of cancerous cells (see Fig. 6(e)). The attractor leading to a fixed point stability as that attained

in Fig. 6(d) is represented in Fig. 6(f).

3.3. Radiation effects on chaotic dynamical behavior

As stated in Sect. 3.1, the system exhibits multistability, and for the same chosen parameters, it is possible to

observe periodic/chaotic oscillations or a stable fixed point depending on the initial conditions. This multistability

feature allows the possibility to lead the system towards certain dynamical behaviors and control it. Our goal is to attain

fixed points where the cancerous cells are removed, and the aspects mentioned above permit a logical explanation of

how to obtain the desired results. Let us start by considering the point in the parameter plane (𝑎, 𝑑) = (1.0, 1.327),

and the initial conditions (𝐶(0), 𝑁(0), 𝐼(0)) = (0.9, 0.09, 0.01) corresponding to chaotic behavior. The starting time of

the treatment might be chosen at any time since the chaotic behavior related to the transient and the intrinsic dynamic

behavior are indistinguishable. Similarly to what is observed in Fig. 6(d), it is possible to change the standard protocol
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Figure 6: Period-3 oscillations. (a), (b), (d), (e), time series with initial conditions (𝐶(0), 𝑁(0), 𝐼(0)) = (0.9, 0.09, 0.01)
when 𝑎 = 1.0 and 𝑑 = 1.9 corresponding to a limit cycle stability with three isospikes per period) when the following
irradiation protocols are applied: (a) 𝐷𝑇 = 60 Gy, 𝑛 = 20, Δ𝑇 = 24 hr.(b) 𝐷𝑇 = 60 Gy, 𝑛 = 20, Δ𝑇 = 48 hr, (d) 𝐷𝑇 = 37
Gy, 𝑛 = 15, Δ𝑇 = 24 hr, and (e) 𝐷𝑇 = 36 Gy, 𝑛 = 15, Δ𝑇 = 24 hr. The attractors in panels (c) and (f) correspond to the
cases (b) and (e), respectively, with the perturbation effects (black) leading to restore the stable limit cycle of period-3
(orange) and the case in which the radiation action leads to a stable fixed point with predominancy of healthy cells. In
all cases, the dose rate is 𝐷̇ = 3 Gy/min. The parameters related to the irradiation are 𝑝 = 0.3, and 𝑟 is computed with
Eqs. (4)–(5). For better insight, in the time series plots (a)–(d) and (d)–(e), we only represent 𝐶 and 𝑁 .

stipulating a total dose of 60 Gy to another one in which 𝐷𝑇 is much less but permitting us to achieve the goal of

eliminating cancerous cells. Thus, Fig. 7(a) corresponds to the time series with 𝐷𝑇 = 48 Gy, 𝑛 = 30, and Δ𝑇 = 24 hr.

When reducing the total dose to 𝐷𝑇 = 47 Gy, the system recovers its chaotic behavior after the treatment, as shown

in Fig. 7(b). The attractor corresponding to Fig. 7(a) and its tendency towards the fixed point is sketched in Fig. 7(c).

With the change of the protocol and reducing the number of sessions to 20 and the total dose to 𝐷𝑇 = 31 Gy, it is

not possible to eliminate the cancerous cells (Fig. 7(d)). Increasing the total dose to 𝐷𝑇 = 32 Gy (computed but not

shown), the transitory time in which the normal cells survive and the cancerous cells almost disappear is comprised in

the interval [477.5, 3679] hr. Subsequently, there is a populations’ inversion that ends with the recovery of the chaotic

oscillations in the system as it happens in Figs. 4(d)–(e). Thus, there is enough time to use adjuvant treatments in

radiotherapy and avoid cell populations’ inversion. Figure 7(e) exhibits the persistence of the result of eliminating

cancerous cells at least until 104 hours (see Fig. 7(e)) when 𝐷𝑇 = 33 Gy. Finally, in Fig. 7(f), the attractors related to

nonperturbed and perturbed situations are shown Fig. 7(d).

The initial periodic behavior looks robust, and in general, after an oscillation death, the original periodic behavior

is recovered. However, in some situations, a long-lasting predominance of normal cells is attained (cycle with three

isospikes and chaos). In these cases, it is feasible to work with lower total doses to eliminate cancerous cells. In the
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Figure 7: Chaotic oscillations. (a), (b), (d), (e), time series with initial conditions (𝐶(0), 𝑁(0), 𝐼(0)) = (0.9, 0.09, 0.01)
when 𝑎 = 1.0 and 𝑑 = 1.327 corresponding to a chaotic attractor when the following irradiation protocols are applied:
(a) 𝑛 = 30, 𝜏 = 24 hr, 𝐷𝑇 = 48 Gy, (b) 𝑛 = 30, 𝜏 = 24 hr, 𝐷𝑇 = 47 Gy, (d) 𝑛 = 20, 𝜏 = 24 hr, 𝐷𝑇 = 31 Gy, and (e) 𝑛 = 20,
𝜏 = 24 hr, 𝐷𝑇 = 33 Gy. The attractors in panels (c) and (f) correspond to the cases (a) and (d), respectively, with a
stable fixed point in (c), and perturbed (black) and nonperturbed (orange) chaotic attractors in (f). As in Fig. 4, note that
𝐷̇ = 3 Gy/min. The parameters related to the irradiation are 𝑝 = 0.3, and 𝑟 is computed with Eq. (3). For better insight,
in the time series plots (a)–(d) and (d)–(e), we only represent 𝐶 and 𝑁 .

case of initial chaotic behavior, eliminating cancerous cells is easier. The total dose, dose rate, number of sessions, and

interval between two sessions play a significant role in obtaining different possible dynamics behavior. Eliminating

cancerous cells is the main goal that might be achieved by modulating the abovementioned variables. Other interesting

aspects from the dynamical systems viewpoint also arise, such as oscillation death, amplitude death, and resurrection

of oscillations. The search for an optimal number of sessions for treatment is also possible. Our results suggest that

not only radiological but chronobiological aspects in a treatment might play an important role. On the other hand, the

outcomes are in accordance with new treatment tendencies [67, 68, 69], in which the treatment is personalized not

only in the formulation of the protocol but also in what concerns the best timing of irradiation.

4. Conclusions and perspectives

We proposed a cell population model based on former models but introducing the periodically intermittent action

of ionizing radiation as it happens in radiotherapy. We adapted the parameters to common values used in radiotherapy.

The parameter plane analysis uncovered that a rich repertoire of dynamical behavior might be obtained when changing

the values of the parameters quantifying the interaction of cancerous with healthy cells. The system indeed exhibits

behaviors going from fixed points to chaos, including several regular regimes characterized by periodic oscillations

with different numbers of isospikes.
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The dynamical richness of the model is inspiring to contemplate some other aspects related to dynamical systems,

such as the exploration of the parameter spaces as in [70], the basins of attraction, and the existence of amplitude and

oscillation death followed by the resurrection of the oscillations.

We found an increased tendency to modify long-lastingly the dynamics of a system via the application of ionizing

radiation when its initial dynamical behavior is chaotic. On the contrary, when the system initially exhibits periodic

oscillatory behavior with one or two isospikes per period, it is more robust against the influence of ionizing radiation,

recovering its original regularity after a specific time. These different responses to the ionizing radiation point to the

importance of applying the radiation when the system is in a chaotic regime to eliminate cancerous cells.

The appropriate choice of the time in which the radiation is applied and the elapsed time between two irradiation

sessions play an essential role in the effectiveness of the treatment. Consequently, reducing the total delivered dose

and the number of treatment sessions is possible when the protocol considers the abovementioned aspects.

We are aware that a key aspect of a representative treatment is the careful determination of the control param-

eter values based on biological measurements. Nevertheless, these results reveal that the efficacy of an intermittent

radiation treatment increases with the chaotic character of the cell population can be viewed as a general qualita-

tive principle. Altogether, the results indicate that taking into account chronobiological aspects is important but not

straightforward [71, 72]. The model might also be helpful for aspects related to radioprotection, especially concerning

the biological effects of radiation on diverse types of cells.

The constancy of the parameters is a strong assumption; probably, during and after the irradiation, some parameters

might vary due to biological mechanisms. From a mathematical viewpoint, time-varying parameters imply working

with nonautonomous systems. This is out of our scope in this study, mainly because we need more information about

such mechanisms.

As another limitation of this work, we only considered periodically intermittent radiation applications. As a

perspective, we intend to tackle the problem when each session’s delivered dose differs.

In summary, the apparently rather simple model used in this study exhibits a great dynamical richness. On the

other hand, the combination of parameter planes and the modulation of the main variables of the treatment opens the

possibility of improved treatments by reducing the number of sessions and the delivered total dose. Finally, the results

further highlight that leading radiotherapy treatments toward a chronobiological approach is crucial.
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